Abstract. We explore the mechanism of quantum teleportation by analyzing the weak measurement statistics post-selected by the result of the Bell measurement for the joint system composed of the input A and the spatially separated output B. It is shown that the weak measurement statistics observed before the Bell measurement includes correlations which relate every physical property in the input A to a corresponding physical property in the output B. The Bell measurement thus identifies the accidental relation between A and B already present in the quantum fluctuations of the input state. Significantly, this relation applies to all physical properties equally, and is completely independent of the input state. Teleportation therefore copies all physical properties of input system A to output system B, irrespective of whether the input state is an eigenstate of the property or not.
Introduction
Quantum teleportation is one of the fundamental applications of entanglement in quantum information [1] . In the teleportation process, a maximally entangled state of two systems, R and B, is distributed to the sender and the receiver. The sender then combines the input system A with system R of the entangled pair to perform a Bell measurement, which is described by a projection on a maximally entangled state of A and R. As a result of this projection, the unknown quantum state of A is transferred to the remote system B, which now carries quantum coherences that correspond precisely to the quantum coherences of A before the Bell measurement.
Although the Hilbert space formalism of the teleportation process is mathematically simple and consistent, it describes non-local effects of measurements on an entangled state. The origin of these effects is not obvious, since the quantum measurement process combines the physical disturbance of properties by interaction with changes to the statistics caused by additional information gained in the process. It may therefore be possible to explain the non-local effects of teleportation entirely in terms of subjective information gain, as indicated by the description of continuous variable quantum teleportation using Wigner functions [2] . In that case, the analogy between Wigner functions and classical phase space distributions can be used to construct a classical model of teleportation, where the Bell measurement merely uncovers the correct value of the phase space distance that describes the relation between the physical properties of input system A and output system B before the Bell measurement. The projection of the state vector thus appears as a process that modifies the information about system B without altering any of its physical properties. This viewpoint may also apply to the general quantum teleportation of d-level systems, since there is no experimentally accessible evidence of a change of the physical properties in B caused by the performance of the Bell measurement in A [3] .
The standard formalism of quantum mechanics does not provide any direct answer to the question of how and when the physical properties are transferred from system A to system B in a quantum teleportation. It has even been suggested that teleportation corresponds to time travel, where the system R is the channel that transfers the state back in time, so that it is available in B at the moment of entanglement generation [4, 5] . Although this seems to be a rather extreme interpretation of the formalism, it is based on the fundamental observation that the teleportation process relies on a timesymmetric combination of entangled state preparation and Bell state measurement. The conventional formulation of quantum mechanics tends to hide this symmetry by overemphasizing the role of the initial state, while neglecting the implications of measurement results for the situation before the measurement. To correct this inadvertent bias, it may be useful to apply a time-symmetric description to the situation between state preparation and Bell measurement. Such a time-symmetric description is provided by the post-selected measurement statistics obtained in weak measurement, which give equal importance to the initial and the final state of a quantum process [6] .
It has already been shown that the statistics obtained by weak measurements can be used to identify the disturbance of a physical system in a general measurement by separating the actual changes of a physical property from the effects of new information about these properties [7, 8, 9] . In the same spirit, weak measurements could be applied to identify the physical properties of the systems involved in the teleportation before the Bell measurement is performed. In the following, we will analyze the complete statistics of the systems A, R, and B between state preparation and Bell measurement, taking into account the post-selection of a specific result of the Bell measurement. In this analysis, the effects of the Bell measurement correspond to a Bayesian update of the initial state that selects the appropriate sub-ensemble from the total statistics without any physical changes to the properties of the systems. The weak measurement analysis of quantum teleportation thus shows that the correlations between the physical properties of input A and output B that enable teleportation can already be found in the quantum fluctuations of the initial state before the Bell measurement is actually performed.
The rest of the paper is organized as follows. In section 2, a general formulation of the teleportation process is given and the observable effects of the Bell measurement are considered. In section 3, the statistics of weak measurements is introduced. In section 4, it is shown how the input state determines the statistics of local weak measurements on any one of the three systems in the interval between entanglement preparation and Bell measurement. In section 5, the correlations between input and output are analyzed. The results show that all physical properties in A and in B are perfectly correlated, as indicated by a weak value of zero for projections onto mutually orthogonal states in A and in B. In section 6, it is shown that partial teleportation by a quantum controlled Bell measurement leaves the correlations between A, R, and B visible in the final output, where the ideal correlations of teleportation are replaced by the correlations of optimal cloning. In section 7, the implications of the results for the teleportation process are discussed and a statistical interpretation is considered. Section 8 summarizes the results and concludes the paper.
Elements of quantum teleportation
We consider the teleportation of the arbitrary quantum state | ψ of a d-level system, as illustrated in Fig. 1 . Initially, system A carries the input state, and systems R and B are in a maximally entangled state,
The quantum information of the initial state | ψ can then be transfered to the remote system B by a joint measurement of systems A and R. This measurement is described by a projection onto an orthogonal basis of maximally entangled states, also known as a Bell basis. Since maximally entangled states can be transformed into each other by local unitary transformations, it is possible to express the d 2 states | m of the Bell basis in terms of the initial entangled state | E by
where the d 2 unitary operationsÛ (m) are orthogonal in terms of their product traces,
The Bell measurement results in the projection of the initial state in A, R, and B described by the partial inner product in AR,
After the Bell measurement, the state of system B is given by a well-defined unitary transformation of the initial state | ψ . The effect of this unitary can be compensated by applying the unitaryÛ (m) that describes the transformation of the entangled state Although the measurement formalism seems to describe an instantaneous change of the state, the Bell measurement performed at A does not change the total statistics observable in system B. For random outcomes of the Bell measurement, the average quantum state in B is
which is equal to the result obtained by tracing out A and R before the measurement. It is therefore possible to describe the local state in B before the Bell measurement as a mixture of the states conditioned by the different outcomes of the Bell measurement [3] . However, it is important to note that the decomposition in Eq.(5) works for any state | ψ , so it is still necessary to explain how the Bell measurement can fix the choice of a particular state | ψ . For this purpose, it is useful to consider the correlations between A and B in more detail.
Weak measurements and the transient state
A direct observation of correlations between the input A and the output B before the Bell measurement is impossible because a measurement of A will alter the state and therefore change the results of the Bell measurement. The teleported state would simply be the output state of the measurement performed in A, and no insights into the actual teleportation process would be gained. However, it is possible to perform a weak measurement, where the measurement interaction is so small that the changes to the quantum state can be neglected. The results of these measurements are equally determined by initial state | i and post-selected final measurement projection | f and can be expressed in terms of weak values [6] . For an observable described by the operator V , the weak value is
The right hand side of this equation shows the general expression of weak values using the density operatorρ i as initial state and the measurement operatorΠ f for the final measurement. In this formulation, it is easy to see that the weak values can be interpreted as expectation values of a transient state [9, 10] . For complex weak values, this transient state is given by the ordered product of density operator and measurement operator, normalized to a trace of one,
Note that the operator ordering for this non-hermitian operator product is based on the convention used for the mathematical definition of complex weak values in Eq.(6). In principle, it is also possible to represent only the real part of the weak values by using the self-adjoint part of the transient state, as defined by the average of the above operator ordering with the opposite operator ordering [9] . In the following, our main reason for using the operator representation for complex weak values is that its mathematical form is more simple and allows us to present the results in a more compact form. However, the same results could also be obtained with the self-adjoint transient states originally introduced in [9] . In the present context, it is sufficient that the transient states correctly describe the real parts of the weak values, and that the set of operatorsT (f ) obtained for the different measurement outcomes f can be recombined to obtain the original quantum state,
where p(f ) is the probability of f given by the product trace ofρ i andΠ f . The final measurement of f thus decomposes the initial probability densityρ i into sub-ensembleŝ T (f ) that represent the weak value statistics for each measurement outcome f . We can now apply the transient state analysis of weak measurement statistics to the case of quantum teleportation. The initial density matrix is given by the product of input state | ψ ψ | and entangled state | E E |, and the Bell measurement is described by the product of a projection in AR and the identity operation in B,
The weak measurement statistics of all three systems, A, R, and B, is then given by the transient statê
As illustrated by Fig 2, the transient stateT ARB (m) describes the complete weak measurement statistics between the preparation of the entangled state and the Bell measurement. It is therefore possible to derive the outcomes of weak measurements for any observableV by simply taking the product trace ofV andT ARB (m). Importantly, the weak measurement statistics of the three systems do not factorize, indicating that the transient state describes correlations between the three systems. These correlations can be observed in weak measurements as the weak values of operatorsV constructed from products of local projection operators on the systems A, R, and B. In the following, we will take a closer look at these correlations and discuss the physics of teleportation in the light of these results.
Local weak measurement statistics
The compact formulation of the transient stateT ARB (m) given in Eq. (10) does not make use of the relation between the Bell state | m and the initial entangled state defined in Eq. (2) . Using this relation and the basis expansion of the initial entangled state in Eq.(1), the transient state can be expressed aŝ
Note that the appearance of the unitary transformÛ (m) in the remote system B is a consequence of the inner product of the projection on | m AR with the initial entangled state of R and B, as shown in Eq.(4). The transient operator thus explains the essential connection between the states in A and B in terms of a statistical correlation selected by the Bell measurement. These correlations can be observed in collective weak measurements of all three systems, where the weak measurements determine the weak values of an operator defined by products of local properties from all three systems. Simplifications are possible if the weak measurement only involves one of the three systems. In this case, the local transient states can be obtained from the partial traces over those systems that are not involved in the weak measurement. For local measurements of the input system A, the result readŝ
Thus the weak values of the input system A are equal to the expectation values of the input state, confirming that the post-selection of a Bell measurement outcome does not "update" the information about the input state in any way. Similarly, the state observed in local measurements of the output B is given bŷ
This is actually the correct output state of the teleportation, since the post-selection did not involve any measurement of system B, and weak values without post-selection of a final measurement result (Π f =Î) are necessarily equal to the expectation values observed in strong measurements. Significantly, local weak measurements on A and on B can be performed at the same time, before the post-selection of the Bell measurement. This means that the quantum state | ψ appears to co-exist in both A and B, suggesting a "weak cloning" effect as discussed in [11] . It may also be interesting to look at the local state observed in the reference system R. Here, the trace over A and B has the curious effect of producing a complex conjugate of the initial state, given bŷ
Since complex conjugation in the energy basis is often associated with time reversal, it is possible to interpretT R (m) as a signal running backward in time, as discussed in [4, 5] . In the context of "weak cloning," however, the transient state of R appears to describe the anti-clone usually associated with optimal cloning processes [11, 12] .
Correlations between input and output
The local weak measurement results show that the quantum information encoded in the coherence of the input state appears in all three systems equally. However, the transient stateT ARB (m) includes a more detailed description of the teleportation process in the form of correlations between the systems. To better understand the transfer of information between A and B, we should consider the transient statê
where only the reference system R has been traced out. Clearly, the transient statê T AB (m) is different from the product of the local transient states, indicating that the sum over k describes correlations between A and B.
To find out more about these correlations, we need to consider possible weak measurements of correlated observables. If we consider a local propertyQ with eigenstates | q i , the weak measurement statistics can be expressed in terms of the weak values of the projection operators | q i q i |. In strong measurements, these projection operators determine the probability of measuring the outcome q i . The weak values of the projectors therefore correspond to the weak measurement equivalent of conditional probabilities [13, 14, 15, 16, 17] . Since the difference between the local transient states in A and in B is described by the unitary transformÛ(m), it is convenient to consider a measurement ofQ in A and a measurement ofÛ
The weak values of the joint probabilities for the outcomes
Although weak values of projection operators are generally complex and can have real values below zero or above one, the results obtained for the projectors ofQ in A and U † (m)QÛ(m) in B are all positive and correspond to a particularly simple classical probability distribution. Specifically, the Kronecker delta in Eq. (16) indicates that the results in A and in B must always be equal, since the result is zero unless i = j. The probability of the outcome i = j corresponds to the probability of the outcome | q i for the input state | ψ . Eq.(16) therefore corresponds to the intuitive notion that system A and system B are identical copies of each other, where the state | ψ describes the probability distribution of the perfectly correlated physical propertiesQ.
Importantly, the result of Eq. (16) applies to all physical properties of the teleported system. Thus, the teleportation process can be interpreted as a faithful copy of all physical propertiesQ, independent of input state. Note that this is very similar to the phase space picture obtained from the Wigner function representation of continuous variable teleportation, where the teleportation process faithfully transfers position and momentum, and the Wigner function merely describes a quantum statistical weight attached to each combination of position and momentum by the quantum state [2] . The role of the Bell measurement is the identification of the unitaryÛ (m) that describes the deterministic relation between the physical properties in both systems. By selecting a complete set of d 2 Bell states, it is guaranteed that such a deterministic relation can be found in each measurement, indicating a close analogy between d-dimensional Hilbert spaces and discrete phase spaces described by a lattice of d 2 points [15] . Effectively, weak measurements in A and weak measurements (or strong measurements) in B can be treated as measurements of the same system. Therefore, the correlations observed between different measurements in A and in B correspond to correlations of these properties within a single physical system. If we consider the measurement of two non-commuting observablesQ andP with eigenstates | q i and | p j , the complex joint probabilities defined by the weak values of the projectors is given by
This result is identical to the joint probabilities reconstructed from weak measurements ofQ followed by a post-selection ofP [13, 14, 15, 16] . Interestingly, the complex value of the weak measurement outcomes defines a specific measurement sequence. However, in the case of quantum teleportation this sequence does not correspond to the temporal order of measurements: clearly, it does not matter whether the measurement in B is performed before or after the measurement in A. Instead, it is relevant that system A is directly connected to the input, while B is directly connected to the output. The connection between the two systems is not established by interactions, but by obtaining the necessary information about the accidental relationÛ (m) between the two systems. Since this information relates the past of system B to the future of system A, it may seem as if the reference R carries a signal backwards in time, as indicated by the transient state of the reference R. It is therefore possible to explain the appearance of "closed time like curves" discussed in [4, 5] in terms of the difference between the time at which information is obtained and the time to which this information applies.
Partial teleportation by quantum controlled Bell measurements
According to the analysis presented above, quantum teleportation makes use of the accidental relationÛ (m) between the physical properties of A and of B to identify the transformation that makes the physical properties in the output of B equal to the physical properties in the input of A. The Bell measurement merely identifies the relation between A and B. This relation is valid for the complete time interval between entanglement generation and Bell measurement, so that system B is a faithful copy of system A during this time. It has been noted that this situation corresponds to a weak measurement version of cloning ("weak cloning"), where the usual limit of cloning fidelity does not apply and a cloning fidelity of one can be achieved [11] . However, the Bell measurement completely randomizes the state of one of the clones, leaving behind only a single copy of the teleported state. An alternative approach to accessing the correlations between A and B in quantum teleportation is to reduce the measurement back-action of the Bell measurement to avoid the complete randomization of the input. However, this requires a reduction of the measurement resolution. Thus, there is a trade-off between the teleportation fidelity and the output fidelity of the original system after the Bell measurement, which ensures that the cloning fidelities remain within the established limits. It has already been shown that the partial teleportation implemented by a finite resolution Bell measurement with minimal back-action results in an optimal cloning scheme [12] . Here, we generalize the discussion by considering coherent superpositions of the Bell measurement and the identity operation. We can then show that the transient stateT ARB is part of the actual output state of a partial teleportation and contributes to the optimal cloning fidelity for the outputs of A and B.
A partial Bell measurement can be defined as a quantum coherent superposition of a fully projective measurement of | m and a random assignment of the measurement outcome that leaves the state unchanged. The measurement operator acting on the initial state can then be written aŝ
where C M and C I are the coherent amplitudes associated with measurement and identity operation, respectively. Since the positive operator valued measure given bŷ M † (m)M (m) should be normalized to give a total probability of one for all possible measurement outcomes, the coherent amplitudes C M and C I can be determined by a single parameter, e.g.
Here, the parameter θ determines the reduction of measurement strength, with θ = 0 indicating a fully projective measurement and θ = π/2 indicating a random assignment of measurement outcome that does not change the quantum state. The effects of the partial Bell measurement on the input state | ψ; E are found by applying the operatorsM(m) to systems A and R of the initial state,
Thus, the output state is a quantum coherent superposition of the initial state and the final state of the ideal teleportation process. It is possible to write the density matrix of this output state as an effective mixture of three components, corresponding to the density matrix of the initial state, the density of the final state, and the self-adjoint part of the transient state,
The statistical weights of the three contributions are given by
The quantum statistics of the output can therefore be explained in terms of the statistics of initial state, final state, and transient state. In particular, the teleportation fidelity F B (obtained after the application ofÛ (m)) is equal to one in the final state and in the transient state, while it is 1/d in the initial state. Likewise, the fidelity F A of the output state of system A after the partial Bell measurement is one for the initial state and for the transient state, but only 1/d for the final state. The fidelities can therefore be given in terms of the statistical weights of the three contributions to the output state,
As discussed in [12] , partial teleportation is an optimal cloning procedure. In particular, the symmetric case of θ = π/4 corresponds to optimal 1 → 2 cloning. Fig. 3 illustrates the transition between optimal teleportation at θ = 0 and optimal cloning at θ = π/4 for the case of a two level system (d = 2). As the strength of the Bell measurement is reduced, the teleportation fidelity drops and the fidelity of the input system after the Bell measurement increases. For the present discussion, the most important aspect of the partial teleportation is that it permits a direct measurement of correlations between A and B. In fact, it has already been shown in previous work that optimal cloning of the type realized at θ = π/4 includes an ideal cloning term that reproduces the joint probabilities of Eq. (17) as predicted from weak measurements [18] . In the general case of partial teleportation, the joint probabilities obtained in measurements ofQ in the output of A andP in the output of B are given by Figure 3 . Transition between optimal teleportation and optimal cloning as a function of the reduction of Bell measurement strength described by the parameter θ. As Bell measurement strength is reduced, the fidelity F A of the input system A after the Bell measurement increases and the teleportation fidelity F B decreases until the two values become equal at θ = π/4. The average fidelity reaches its maximal possible value at this point, resulting in an implementation of optimal cloning as discussed in [12] .
Thus, a partial Bell measurement preserves a non-vanishing contribution from the real part of the weak measurement statistics that can be observed before the Bell measurement is performed. Indeed, the complete weak measurement statistics can even be obtained in the limit of θ → 0, where ρ i is negligibly small. In this case, the weak value given in Eq. (17) can be obtained from the small differences between the joint probabilities p(q i , p j ) for different values of q i . The logic of this measurement is surprisingly similar to that of the weak measurement, with the essential difference that the low resolution of the measurement originates from the nearly maximal disturbance of the state by the Bell measurement, and not from the weakness of the measurement interaction.
Physics of quantum teleportation
The picture of quantum teleportation that has emerged from the weak measurement analysis and its application to partial teleportation indicates that the physical properties of the input system A and the remote system B are related by the unitaryÛ(m) even before the Bell measurement has taken place. This is possible because the initial state already includes all possible relationsÛ(m) as a coherent superposition. In the weak measurement analysis, this superposition can be expressed as an effective mixture of the Weak measurements indicate that the physical properties of system B originate from the source of the initial entanglement and experience no change or modification during the Bell measurement. Since the physical properties of the input state do not change until they are modified by the measurement back-action of the Bell measurement, the input properties of A and the output properties of B appear to coexist in the interval between entangled state preparation and Bell measurement. The relationÛ (m) that relates the physical properties of B to the physical properties of A is initially random. In fact, the randomness of the local state of B in the entangled state guarantees that each relation m is equally likely, regardless of the input state in A. Teleportation is not achieved by a physical interaction, but by obtaining information about this random relation between A and B in the Bell measurement. Specifically, the combination of the pre-determined correlations in | E with the correlations in | m discovered in the Bell measurement results in the knowledge thatÛ (m) describes the relation between the unmodified physical properties in A and in B.
The only reason why the perfect correlations between A and B can never be observed directly is the measurement back-action of the Bell measurement, which completely randomizes the local properties of system A. However, a partial Bell measurement can be used to avoid complete randomization, and the correlations between A and B observed after such a partial teleportation correspond to the ones obtained in the weak measurements performed before a full Bell measurement. Our analysis thus illustrates the conceptual relation between the "weak cloning" observed in teleportation and the optimal cloning realized by partial teleportation [11, 12] . In both cases, the precise relation between the physical properties of the input A and the output B is determined by the correct result of the Bell measurement. In the "weak cloning" limit, the Bell measurement is precise, but the state of A is randomized after the measurement. In the partial teleportation limit, there is still some randomization in A and the reduced measurement resolution results in teleportation errors in B, but the error free contribution that remains is precisely described by the self-adjoint part of the transient state observed in weak measurements.
Conclusions
Weak measurement statistics provide a powerful tool for the analysis of quantum processes. In the case of teleportation, it is possible to discover close analogies between classical statistics and quantum statistics that are difficult to recognize when the conventional measurement postulate is applied. In particular, weak measurement statistics can separate the information about the past obtained in the Bell measurement from the back-action effects associated with the measurement. It is then possible to show that the change of the quantum state in B originates from the selection of a sub-ensemble that was already present before the measurement. Thus, quantum teleportation does not involve any "spooky" action at a distance. The Bell measurement at A merely identifies the correct transformÛ (m) that relates the physical properties of B to the physical properties A even before the Bell measurement was performed.
Significantly, the relationÛ(m) can be applied to all physical properties, and the correlations described by the weak values of projection operators in A and in B suggest that all properties of A are perfectly correlated with the corresponding properties in B. Teleportation thus copies all physical properties of the quantum system A equally, irrespective of whether the input state is an eigenstate of the property or not. Effectively, the relation defined byÛ (m) is more fundamental to teleportation than the specific values taken by the physical properties themselves. By using weak measurement statistics, it is therefore possible to verify that the quantum fluctuations of physical propertiesQ in A and B are perfectly correlated without having to assign counterfactual values toQ in either system. Teleportation can thus be understood as an operation on the physical properties of the systems, where the Bell measurement obtains the relevant information about the relationÛ (m) that maps the properties of A onto the properties of B.
